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Abstract. 

An n-by-n (n > 3) weighted shift matrix A is one of the form 

a 1 

'•• 

' • Q>n-1 

a n 

where the a/s, called the weights of A, are complex numbers. Assume that all a/s 
are nonzero and B is an n-by-n weighted shift matrix with weights b±, . . . ,b n . We 
show that B is unitarily equivalent to A if and only if bi ■ ■ ■ b n = a\ ■ ■ ■ a n and, 



for some fixed k, 1 < k < n, \b~ 



\ a k+j\ ( ( 



■n+j 



cij) for all j. Next, we show 



that A is reducible if and only if A has periodic weights, that is, for some fixed k, 
1 < k < [n/2\, n is divisible by k, and \dj\ = \o>k+j\ f° r all 1 < j < n — A;. Finally, we 
prove that A and B have the same numerical range if and only if a± ■ ■ ■ a n = bi ■ ■ ■ b n 
and SV(|ai| 2 , . . . , |a„| 2 ) = SV(|6i| 2 , . . . , \b n \ 2 ) for all 1 < r < [n/2\, where S r 's are the 
circularly symmetric functions. 
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1. Introduction 



An n-by-n (n > 3) weighted shift matrix A is one of the form 

ai 

'•• 

a n 

where the a/s, called the weights of A, are complex numbers. In this paper, we study 
some unitary-equivalence properties of such matrices. Previous works in this respect 
are the necessary and sufficient conditions for the boundary of numerical range of A 
to have a line segment (6j Theorem 1]. Here we consider other properties of these 
matrices such as their reducibility and their numerical range. 

In Section 2, we give necessary and sufficient conditions for two n-by-n weighted 
shift matrices A and B with weights a%, . . . ,a n and b\, . . . ,b n , respectively, to be 
unitarily equivalent. More specifically, it is shown that if A has at most two zero 
weights, then B is unitarily equivalent to A if and only if, for some fixed k, 1 < k < n, 
\bj\ = \dk + j\ (a n+ j = dj) for all 1 < j < n, and a\ ■ ■ ■ a n = b\ ■ ■ ■ b n . In Section 
3 below, we solve the problem when a weighted shift matrix is reducible, that is, 
when it is unitarily equivalent to the direct sum of two other matrices. We obtain a 
complete characterization of reducibility in terms of the weights. It roughly says that 
a weighted shift matrix is reducible when it has at least two zero weights or its weights 
are periodic. We take up the numerical ranges of weighted shift matrices in Section 
4. We have known that the numerical range of an n-by-n matrix A is completely 
determined by its Kippenhahn polynomial pa(x,V, z) = det(a;Rev4 + ylmA + zl n ), 
where Re A = (A+A*)/2 and Im A = (A— A*)/ (2i) are the real and the imaginary part 
of A, respectively, and I n denotes the n-by-n identity matrix (cf. [31 Theorem 10]). We 
give an explicit expansion of Pa{x, y, z) in terms of the weights of an n-by-n weighted 
shift matrix A. Finally, let A and B be n-by-n weighted shift matrices with weights 
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ai,...,a n and b\, . . . , b n , respectively, we give necessary and sufficient conditions for 
A and B to have the same numerical range. More specifically, it is shown that the 
following statements are equivalent: (a) W(A) = W(B); (b) pA{x,y,z) = Pb(x,V,z); 
(c) di • ■ • a n = b\ ■ ■ ■ b n and SV(|ai| 2 , . . . , |a„| 2 ) = SV(|oi| 2 , . . . , \b n \ 2 ) for all 1 < r < 
|_n/2j, where S^s are the circularly symmetric functions (see P. 496]) for more 
details). 

For any nonzero complex number z = x + iy (x and y real), argz is the angle 9, 
< 9 < 27r, from the positive x-axis to the vector (x,y). For an n-bj-n matrix A, 
let A* denote its adjoint and <r(A) its spectrum. Throughout this paper, if ai, . . . , a n 
are the weights of an n-by-n weighted shift matrix, we always assume that a n+ j = cij 
and aj_„ = aj for all 1 < j < n. 

2. Unitary equivalence 

In [6] , the authors gave sufficient conditions for unitary equivalence of two n-by-n 
weighted shift matrices (cf. [HI Lemma 2]). For the convenience of the reader we 
repeat this result without proofs, thus making our exposition self-contained. 

Lemma 2.1. [6] Let A and B be n-by-n weighted shift matrices with weights 
di, . . . , a n and b\, . . . , b n , respectively. 

(a) If, for some fixed k, 1 < k < n, bj = ak+j {a n+ j = aj) for all j, then A is 
unitarily equivalent to B. 

(b) If \a,j\ = \bj\ for all j, then A is unitarily equivalent to e l ^ k B, where ipk = 
(2/c7r + X]j=i( ar S a i — arg6j ))/n for < k < n. 

Let A and B be n-by-n weighted shift matrices with weights ai,...,a n and 
b\, . . . ,b n , respectively. It is natural to ask whether the converse of Lemma 2.1 (a) is 
true. In this section, we give the affirmative answer and show that if A has at most 
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two zero weights, then A is unitarily equivalent to B if and only if, for some fixed k, 
1 < k < n, \bj\ — \dk+j\ (a>n+j = a j) f° r all j, and ai • • • a n = b± - • - b n . We first give 
necessary conditions for unitary equivalence of two n-by-n weighted shift matrices in 
the next proposition. 

Proposition 2.2. Let A and B be n-by-n weighted shift matrices with weights 
ai, . . . , a n and b±, . . . ,b n , respectively. If A is unitarily equivalent to B, then the 
following statements hold. 

(a) {|ai|, |a 2 |, . . . , |a n |} = {|&i|, \b 2 \, ■ ■ ■ , \b n \} (counting multiplicities) . 

(b) ai • • • a n = 61 • • • b n . 

(c) If ai • • • a m ^ for some I and m, 1 < I < m < n, then there exists a fixed k, 
1 < k < n, such that \aj \ = \bk+j\ (b n+ j = bj) for j — I — 1, 1, . . . , m + 1. 

Proof, (a) A simple computation shows that AA* = diag (|ai| 2 , . . . , |a n | 2 ) and 
BB* = diag (|&i| 2 , . . . , |&n| 2 )- Thus the singular values of A (resp., B) are |ai|, . . . , \a n \ 
(resp., . . . , \b n \ ). Since A is unitarily equivalent to B, A and B have the same sin- 
gular values, hence {|ai|, 1 0.2 1 , • • • , \ a n\} — {\bi\, • • • , \b n \} (counting multiplicities) 
as desired. 

(b) An easy computation shows that det A = (— l) n+1 ai • • • a n and det B = 
(—l) n+1 b 1 ---b n . Since A is unitarily equivalent to B, hence det A = det B or 
bi • • • b n — a± • • • a n as asserted. 

(c) From Lemma 2.1 (a), we may assume that 1 = 1. By assumption, there 
exists an n-by-n unitary matrix U = [v,ij]™j =1 such that AU = UB. It follows that 
(A j A j *)U = U(B j B j *) for all j, 1 < j < n. A direct computation shows that A j A j * = 
diag (a[ j \ ai ] ) and B*B** = diag (p?\ (3 { n j) ), where a® = \a t a t+1 ■ ■ ■ a t+j ^\ 2 
and = \b t b t+ i ■ ■ - b t+ j-i\ 2 for all 1 < t, j < n. Since U is unitary, then the first 
row of U must have a nonzero entry, that is, U\k 7^ for some k, 1 < k < n. 
Now, we consider the (l,/c)-entry of (A j A j *)U and U(B j B j *), respectively. Note 
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that the (l,fc)-entry of {A j A j *)U (resp., U(B j B j *)) is a[ 3) u lk (resp., uifctfO for 
j = 1, 2, • • • , n. Since = U(B^B^*), we obtain 

(1) |aia 2 • ■■a j \ 2 u lk = a[ 3) u lk = u lk f3 { k o) = u lk \b k b k+1 ■ ■■b k+j - 1 \ 2 

for all j. For j = 1, since u\ k ^ 0, we deduce that |ai| = \b k \ from Equation (1). For 
j = 2, since Ui k ^ and \b k \ = \ai\ ^ 0, by Equation (1), we infer that | a-2 1 = 
Repeating this argument gives us \a t \ = |6( fe _ 1 ) +t | for t — 1, 2, . . . , m + 1. On the other 
hand, since A* A = diag (\a n \ 2 , |ai| 2 . . . , |a„_i| 2 ), B*B = diag (\b n \ 2 , |&i| 2 , . . . , |6 n _i| 2 ) 
and (A*A)U = U(B*B), then \a n \ 2 ui k = ui k \b k -i\ 2 or \a n \ = \b k -i\. This completes 
the proof. ■ 

The following theorem is our main result in this section. 

Theorem 2.3. Let A and B be n-hy-n weighted shift matrices with weights 
a±, . . . , a n and bi, . . . , b n , respectively. Suppose that A has at most two zero weights. 
Then A is unitarily equivalent to B if and only if a x • • • a n = b±- • - b n and, for some 
fixed k, 1 < k < n, \a,j\ = \b k+ j\ (b n+ j = bj) for all j, 1 < j < n. 

Proof. The sufficiency is a consequence of Lemma 2.1 (a) and (b), we only need 
prove the necessity. Clearly, we have ai • • • a n — b± • • • b n from Proposition 2.2 (b). If 
all Oj's are nonzero, that is, ai • • -a n ^ 0, our assertion follows from Proposition 2.2 
(c). If A has exactly one zero weight, by Lemma 2.1 (a), we may assume a n = and 
a\ ■ ■ • a n _i 7^ 0. By Proposition 2.2 (c), we have \aj\ = \b k+ j\ for all 1 < j < n, for 
some fixed k, 1 < k < n and we are done. 

Now, if A has exactly two zero weights, by Lemma 2.1 (a), we may assume that 
ai • • • a m _i 7^ 0, a m+ i---a„_i ^ and a m = a n = for some m, 1 < m < n. 
Since ai ■ ■ -a m _i ^ 0, Proposition 2.2 (c) implies that, for some fixed k, 1 < k < n, 
\a,j\ = \b k+ j \ for j — 1, 2, . . . , m — 1, a n — b k — and a m = b k+m = 0. For convenience, 
we let b'j = b k+ j for all 1 < j < n, and B' be the n-by-n weighted shift matrix 
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with weights b[, . . . ,b' n . Lemma 2.1 (a) yields that B' is unitarily equivalent to A. 
Moreover, we have \b'j\ = \bk+j\ = for j — n, 1, . . . , m. Note that b' m = a m = = 
a n = b' n . Now, we need only check that \bj\ = \a,j\ for j — m + 1, . . . , n — 1. Indeed, 
since a m+ i---a n _i ^ 0, by Proposition 2.2 (c), there exists a fixed s, 1 < s < n, 
such that |aj| = |&' s+ j| for j = m,m + 1, ... ,n. In particular, 6' s = b' s+n — a n — 
and 6' s+m = a m = 0. Note that A has exactly two zero weights a m and a ra , by 
Proposition 2.2 (a), there are also exactly two weights of B being zero. It forces 
that either s = n or s = m and s + m = n. If s — n then \aj\ = \b'j\ for all 
m < j < n and we are done. For the latter case, it implies that s = m = n/2. 
Consequently, we have actually proved that a n / 2 = a n = b' n = b' n , 2 = and, for 
each j = l,...,n/2, |a (n/2)+j | = |&' s+(n/2)+j | = \b' n+j \ = \b'j\ = \aj\. On the other 
hand, since b'- ^ for all j = (n/2) + 1, . . . ,n — 1, Proposition 2.2 (c) yields that 
there exists a fixed t, 1 < t < n, such that \b'j\ = \a t +j\ for j = n/2,...,n. It 
implies that a t+ ( n / 2 ) = b' n ^ 2 = = b' n = a t+n = a t . But the zero weights of A 
are exactly a n / 2 and a n , we infer that either t = n or t = n/2. If t = n then 
= |an+j| = for j = n/2, ... ,n, as asserted. For the latter case, t = n/2 
implies that \bj\ = \a( n / 2 )+j\ = \dj\ for j = n/2, . . . ,n. This completes the proof. ■ 

We remark that if A has more than two zero weights, then the necessity of Theorem 
2.2 is not true in general. For example, let A be the 6-by-6 weighted shift matrix with 

[ j 

weights 1, 0, 2, 0, 3, 0. Then A = A 1 © A 2 © A 3 , where Aj = for j = 1, 2, 3. 



Let B = A\ © A 3 © A 2 , then B is the 6-by-6 weighted shift matrix with weights 
1, 0, 3, 0, 2, 0. It is obvious that A is unitarily equivalent to B, but there is no any k, 
1 < k < 6, such that \aj\ = \b k+ j\ for all j = 1, . . . , 6. 

We now consider the case of weighted shift matrices with at least three zero 
weights. Let A be an n-by-n weighted shift matrices with weights a±, . . . ,a n . If A 
has at least three zero weights, by Lemma 2.1 (a) and (b), we may assume that 
a n = and aj > for all j. In this case, A = Ai © A 2 © • • • © A m , where Ai is 
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a ki-hy-ki weighted shift matrices with exactly one zero weight for all 1 < i < m, 
Y^iLi ki = n and 3 < m < n. Note that if ki — 1 then Ai = [0], moreover, Ai is 
irreducible for all 1 < i < m. Now, let r : {1, . . . , m} — > {1, . . . , m} be a permutation 
and B = A T ^ © • • • © A T ( m ), we known that 5 is unitarily equivalent to A. The 
next theorem shows that its converse is also true, more precisely, if B be an n-by-n 
weighted shift matrices with nonnegative weights and B is unitarily equivalent to A, 
then B = A T ^ © • • • © A T ( m ) for some permutation r : {1, . . . , m} — > {1, . . . , m}. 

Here, for any n-by-n matrix A = [aij]"j = i, let \A\ denote the n-by-n nonnegative 
matrix [|a^|]^ =1 . 

Theorem 2.4. Let A = A 1 © A 2 © • • • © A m , where A t is a ki-by-ki weighted 
shift matrices with weights a(\ . . . , o^l-v an< ^ ^ ® f or a ^ ^ — J — ^ — ^ ano ^ 
1 < i < m, YliLi ki = n and 3 < m < n. Let B be an n-by-n weighted shift matrix. 
Then B is unitarily equivalent to A if and only if\B\ = \A T ^ \ © \A T ( 2 ) !©•••© | A-(m) I 
for some permutation r : {1, . . . , m} — > {1, . . . , m}. 

For the proof of Theorem 2.4, we need the following lemma. 

Lemma 2.5. Let A (resp., B) be an m-by-m (resp., n-by-n) weighted shift matrix 
with weights ai, . . . , a m -i, (resp., b±, . . . , 6„_i, 0), where a i: bj > for all i,j. If U 
is an m-by-n matrix so that A k U = UB k and A* k U = UB* k for all k > 0, then the 
following statements hold. 

(a) If m ^ n then U = 0. 

(b) If m = n then U is a diagonal matrix. 

(c) If m = n and A^ B, then U = 0. 

(d) If m = n and A = B, then U = al n for some a G C. 

Proof. By assumption, we have (A k A* k )U = U(B k B* k ) and (A* k A k )U = U(B* k B k ) 
for all k > 0. Let U = [uij] and r = min{m, n}. For 1 < i < j < r, we consider 
the (i, j)-entry of (A* l A l )U and U(B* l B l ), respectively. By a direct computation, we 
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have 

A* l A % = diag (0, . .. , 0, \ai ■ --ail 2 , . . . , \a m -i ■ • -a m _i| 2 ) 

i copies 

and 

B* i B i = diag (0 1 __0, \h ■ ■ ■ h\ 2 , . . . , \b n ^ ■ ■ ■ b n ^\ 2 ). 

i copies 

Thus the (i,j)-entry of (A^A^U and U(B* l B i ) are and w^lfy-i • • ■ &,-i| 2 , respec- 
tively. Since = U{B* i B i ) and 6j_i • • -6 3 -_i ^ 0, we deduce that u {j = for 
all 1 < % < j < r. On the other hand, for 1 < j < i < r, the (i, j)-entry of (A* j A j )U 
and U(B* j B j ) are u^Oi-i " " "^-il 2 and °> respectively Since (A* j A j )U = U(B* j B j ) 
and aj_j • • -aj_i 7^ 0, we deduce that tty = for all 1 < j < i < r. Therefore, if 
m = n then U is a diagonal matrix. This completes the proof of (b). 

For the other cases, if r = n < m, then B n = and U(B* n B n ) = 0. But 
A* n A n = diag (C^^O, |ai • • • a„| 2 , . . . , |a m _ n • • • a m _i| 2 ), 

n copies 

since (A* n A n )U = U(B* n B n ) = and all a/s are nonzero, we obtain that = for 
all n < i < m and 1 < j < n. We now check that uu = for all 1 < % < n. Indeed, 
for 1 < i < n, by a direct computation, we have 









Oi| 2 , . . 




■ ■ a m -i\ 




and 

B'B" = diag (|6i • • • h\\ . . . , \b n . t ■ ■ ■ b n . x \\ (V^0). 

i copies 

Then the (n—i+1, n-i+l)-entry of (A'A* 1 ^ and [/ (B i B* 1 ) are |a„_ i+ i • • • a n | 2 *u n _j + i )n . 
and 0, respectively. Since {A i A* i )U = U{B i B* i B i ) and a n _ i+1 ---a n ^ 0, it forces 
that uu = for all 1 < i < n, hence we conclude that U — 0. Similarly, if r = m < n, 
then A m = and (A* m A m )U = 0. But 

B *m B m = diag (0 1 _0, |&! • • • b m \ 2 , . . . , \b n . m ■ ■ ■ b^l 2 ), 
m copies 



since (A* m A m )U = U(B* m B m ) = and all b/s are nonzero, we obtain that = 
for all 1 < i < m and m < j < n. Moreover, for 1 < i < m, the (to — i + 1, to — i + 1)- 
entry of (A l A* l )U and U(B l B* 1 ) are and \b m - i+ i ■ ■ ■ & m | 2 w m _i+i,m-j+i> respectively. 
Since (A i A* i )U = U^B*^ 1 ) and b m _ i+1 ■ ■ -b m ^ 0, it implies that u« = for all 
1 < i < m, hence we also obtain that U = 0. This completes the proof of (a). 

For the proof of (c) and (d), we may assume that m = n and U = diag (%, . . . , u nn ) 
from (b). For 1 < i < n — 1, the + l)-entry of AC/ and C/S are Ojiij+i^+i and 
respectively Then AC/ = UB yields that 

(2) = — M « 

for all 1 < « < n — 1. Similarly, the (i + l,i)-entry of A*C/ and C/5* are ajMjj and 
respectively. Then A*C/ = UB* yields that 

(3) = 

for all 1 < i < n — I. Combining (2) with (3) yields Ua = (af/bf)uu for all 1 < % < 
n — 1. Now, if A 7^ B then aj ^ bj for some j. Note that a^, 6j > for all i, thus 
ctj/tij 7^ 1 and Ujj = 0. Consequently, we have Uu = for all 1 < % < n by Equation 
(2). This completes the proof of (c). On the other hand, if A = B then = bi for 
all i, it follows that u n = w 2 2 = • • • = u nn from Equation (2). Hence U = Uul n , 
completing the proof. ■ 

We are now ready to prove Theorem 2.4. 

Proof of Theorem 2.4. The sufficiency follows from Lemma 2.1 (b) and a suitable 
permutation matrix, we only need prove the necessity. Assume that B is unitarily 
equivalent to A. Since A has zero weights, by Lemma 2.1 (b), we may assume that 
all weights of A are nonnegative. After a permutation of A^s, we may assume that 
1 < ki < &2 < • ■ • < k m < n. Note that o~(A) = {0} and dimkerAj = 1 for all 
1 < i < m, the Jordan canonical form of A is © Jk 2 © • • • © Jk m , where is 
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the Jordan block of size ki for all i. This means that the number and sizes of direct 
summands of A are completely determined by its Jordan canonical form. Since A and 
B have the same Jordan canonical form, after a permutation of direct summands of B, 
we can write B = B x © B 2 © • • • © B m , where Bi is a ki-by-ki weighted shift matrices 
with weights \ . . . ,b^_ ± ,0 and ^ for all 1 < j < ki — 1 and 1 < i < m. 
Moreover, by Lemma 2.1 (b), we also assume > for all 1 < j < ki — 1 and 
1 < i < m. 

We need to check that {Ai, . . . , A m } = {B\, . . . , B m } (counting multiplicities). 
Indeed, let U = [Uij]™j =1 be a n-bj-n unitary block matrix so that AU = UB, where 
Uij is a ki-by-kj matrix for all 1 < i,j < m. For each Ai, 1 < i < m, if Ai ^ Bj 
for all j, 1 < j < m, Lemma 2.5 (a) and (c) yield that = for all 1 < j < m. 
This contradicts to the fact that U is unitary. Thus we deduce that {A 1: . . . , A m } C 
{Si, . . . , -B m }. Similarly, if Bj ^ Ai for all 1 < % < m, then = for all 1 < % < m, 
a contradiction. Hence we conclude that {Ai, . . . , A m } = {Bi, . . . , B m }. 

Next, for each Ai, 1 < i < m, we need to count the multiplicities of Ai in 
A and B, respectively. If 1 = ki — ■ ■ • — k t and k t+ i > 1 for some t, that is, 
A-i — ■ ■ ■ — A t — [0] and A { ^ [0] for all i > t, since the sizes of Ai and Bi are the same 
for all 1 < % < m, thus £?i = ■ • • = £? t = [0] and B { ^ [0] for all i > t. This means that 
ker A n ker A* = ker B n ker 5* = C* © {0} C C n . Since AC/ = £75 and A*U = UB*, 
then [/(ker 5 n ker £*) = ker A n ker A*, it implies that U = [f/^-]* J=1 © [iy™ =m , 
[£/^, j=1 and [f^]™ =m are unitary, (A ± © • • • © A t )[^-]^- =1 = [£/y]l=i( S i © • • • ©5 t ) 
and (A+i © • • • © A ra )[[/, 3 f J=t+1 = [iy™ =m (£ m © • • • © S ro ). Therefore, we may 
assume that 2 < k\ < k 2 < • • • < /c m , that is, both A and £> have no zero direct 
summand. 

Next, after permutations of A^s and B^s, respectively, we may assume that A\ = 
A 2 = ■ ■ ■ = A s , Ai ^ A 1 for a\\ i > s, Bx = B 2 = ■ ■ ■ = B r = A 1 and Bj ^ A 1 for all 
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j > r. We want to show s = r. Indeed, Lemma 2.5 (a), (c) and (d) yield 





Oilllki ■ ■ ■ air-ffci 











u = 

















U' 



where o^'s are complex numbers and U' is a (n — ski)-by-(n — rkx) matrix. Since U 
is unitary, the column vectors and the row vectors of U are orthonormal, respectively, 
it forces that s — r. Therefore, we conclude that A\ — ■ ■ ■ — A s — B\ — ■ ■ ■ — B s , 
Ai,Bi ^ Ai for all i > s, U' is unitary and (A s+1 © ■ ■ ■ © A m )U' = U'(B S+1 © 
• • • ®B m ). Repeating this argument gives us {Ai, . . . , A m } = {Bi, . . . , B m } (counting 
multiplicities). This completes the proof. ■ 



3. Reducibility 

A matrix is reducible if it is unitarily equivalent to the direct sum of two other 
matrices. Let A be an n-by-n weighted shift matrix with weights CLl , . . . , CL n . In [6], 
the author shown that A is reducible if and only if one of the following cases holds: 
(a) cij = a,j = for some 1 < i < j < n, (b) n is odd, |aj| = \ai\ ^ for all 1 < j • < n, 
(c) n is even, \a,j\ = \o>j+(n/2)\ 7^ for all 1 < j < n/2. Unfortunately, this result 
is erroneous. For example, let A be the 6-by-6 weighted shift matrix with weights 
1, 2, 1, 2, 1, 2. It is obvious that A does not satisfy the conditions (a), (b) and (c). Let 
U be the 6-by-6 unitary matrix 

10 10 1 

1 to to 2 

1 cu 2 cu 4 

1 w 3 w 6 

1 to 4 tu 8 
1 co 5 u w 



1 

7! 
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where u = e J7r / 3 . A direct computation shows that 






1 


© 


u 


© 


u 2 ' 


2 







2u 




2u 2 



Hence A is reducible. 

In this section, we give a criterion for a weighted shift matrix A to be reducible. 
We will show that A is reducible if and only if one of the following cases holds: (a) 
Gtj = dj — for some 1 < i < j < n, (b) A has periodic weights. 

We first consider the weighted shift matrices with nonzero weights. 

Theorem 3.1. Let A be an n-by-n weighted shift matrix with nonzero weights 
a±, . . . ,a n . Then the following statements are equivalent: 

(a) A is reducible. 

(b) A has periodic weights, that is, for some fixed k, 1 < k < \n/2\, n is divisible 
by k, and \aj\ = \ak+j\ for all 1 < j < n — k. 

(c) there exists a fixed k, 1 < k < \n/2\, such that n is divisible by k and A 
is unitarily equivalent to e t6 [B © (uB) © ■ • • © (u^^^B)) , where B is the k-by-k 
weighted shift matrix with weights | «i j , . . . , \ak\, oj = e 2m l n and 9 = (X^=i ar S a i) In- 
Proof. (a)=>-(b). Since A is reducible, there exists an n-by-n orthogonal projection 

P = [p^]^. =1 such that PA = AP. It follows that PA* = A*P, consequently, 
P(A k A k *) = (A k A k *)P for all k. 

On the contrary, suppose that the weights of A are not periodic. We claim that 
for any 1 < i < j < n, there exists k , 1 < k < n, such that \aia i+ i ■ ■ • a^+^o— i) I 
\a,ja,j + i • • • aj + (fc _i)| (a n+t = a t ). Indeed, if there exist iq and jo, 1 < io < jo < n, 
such that |aj • • -ai +fe| = |% • • -aj 0+ k\ for all < k < n — 1, then |aj +fe| = |% +fel 
for all < k < n — 1, that is, \a t \ = \at+(j Q -i )\ ior all 1 < t < n. This implies 
that A has periodic weights, a contradiction. Therefore, for any 1 < i < j < n, 
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we have |ajai+i • • • Oj + (fc_i)| 7^ |ojO,-+i • • • a,j + rk-i)\ f° r some k. Note that A k A k * = 
diag («i,...,a„) where a t = \a t a t +i ■ ■ ■ a t +(k-i) | 2 for all 1 < t < n, and the 
entry of (A fe A fc *)P and P(A k A k *) are a^- and p^-o,-, respectively. Since (A k A k *)P = 
P(A k A k *) and all a/s are nonzero, hence OL(Pij = PijCXj or Pij — 0- From this and 
P = P* , we conclude that P is a diagonal matrix, that is, P = diag (pn, . . . ,p nn ) and 
Pj'j = or 1 for all 1 < j < n. Moreover, AP — PA = implies that ai(pn — P22) = 
^2(^22 — P33) = ■ ■ ■ = a n {p nn — pu) = 0, since all a/s are nonzero, we deduce that 
P = or P = I n . This contradicts the fact that A is reducible. Therefore, A has 
periodic weights. 



(b) =>- (c) . Let Abe the n-by-n weighted shift matrix with weights | a\ | , 1 a 2 1 , . . . , | a n \ . 
By Lemma 2.1 (b), we obtain that A is unitarily equivalent to e l6 A, where 9 = 
(Xir=i ar S a j) l n - We want to construct an n-by-n unitary matrix U such that U*AU = 

m = n/k and B is the k-bj-k weighted 

. . . , for 



B®ujB 



UJ 



m—1 



B where uj 



D 2ni/n 



shift matrix with weights |ai|, . . . , \a,k\- Let Vj = diag (1,uj^,uj 2 ^, 
j — 1, 2, . . . , m — 1 and [/ be the n-by-n matrix 

r h V 1 V 2 
h u k V x (oo 2 ) k V 2 ■■■ 



V m -i 

,m—l\kj 



We now check that U is unitary. Indeed, for any 1 < s, t < m, the (s, t)-block of [/[/ 
is 

4 



1 r 



4 w (s - 1)fe Vi w 2 ^" 1 )*^ 



u {m-l)(s-l)ky 



m—1 



UJ 



2(t-l)ky* 

(m-l)(t-l)ky* 

v m—1 



' m—1 
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If s = t, then Ylb=o ^ k = m - On the other hand, if s ^ t, then 



m—l 



i,(s—t)km y g2(s— 1)7 



Z=0 



0. 



Thus [/[/* = I n or U is unitary. 



Next, we check that U(B®uB © • • • ©w" 1 - 1 ^)^* = A. Write B = Bi + B 2 where 
£>i (resp., -B 2 ) is the k-bj-k weighted shift matrix with weights |oi|, . . . , |afc-i|, (resp., 
0, . . . , 0, \a,k\). A simple computation shows that VjBV* = uj~iB\ + u^ k ~ V)3 B 2 for all 
1 < j < m _ i. For any 1 < s, t < m, the (s, t)-block of U(B © • • • © u m - l B)U* is 



— [£ o/ a - 1)fc KM) ••• w (m_1)(i - 1)fc y m _i(o; m - 1 S)] 



m 



h 

Q {t-l)ky* 



-Jm-l)(t-l)ky* 
^ v m—l 

-(B + J'-^ViBV* + w 2((s -* )fe+1 V 2 5\/ 2 * + • • • + y^-^MHily^^^j 



m 



'm—l 



m—l 



m \1=t ) m \1=t J 



. 1=0 
'm—l 



'm—l 



m 



=o / \ 1=0 

B x if 1 < s = t < m, 

B 2 if (s, t) = (m, 1) or t — s + 1, 1 < s < m — 1, 

otherwise. 



^From above, we obtain 



U(B © ooB © • • • © u^BjU* = 



B\ B 2 
Bi 

Bo 



B 2 
B 1 



= A 



as required. 
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(c)=>(a). This implication is trivial. 



Let A be an n-by-n weighted shift matrix with weights ai,...,a n . The next 
proposition shows that if A has exactly one zero weight, then A is irreducible. 

Proposition 3.2. Let A be an n-by-n weighted shift matrix with weights a±, . . . , a n _i, ; 
where aj ^ for all 1 < j < n — 1 . Then A is irreducible. 

Proof. Let {ei,...,e n } be the standard basis for C n , and M be a nontrivial 
reducing subspace of A. We want to show that M = C n . Indeed, let x — [x 1 ... x n ] T 
be a nonzero vector in M, and Xj be the first nonzero entry of x. Then A*^™ - ^ ^ = 
a,j a,j 0+ i ■ ■ ■ d n -iXj e n , it follows that e n G M. Consequently, we have A>e n G M for 
all j = 1, . . . , n — 1. Since A*e n = a n -ja n -j + \ ■ ■ ■ a n -\e n -j for j — 1, . . . , n — 1, hence 
{ei, . . . , e n } C M and A is irreducible. ■ 

We now give a complete characterization of n-by-n weighted shift matrices A 
which are reducible. 

Corollary 3.3. Let A be an n-by-n (n > 2) weighted shift matrix with weights 
a±, . . . , a n . Then A is reducible if and only if one of the following cases hold: 

(a) Oj = aj = for some 1 < i < j < n, 

(b) A has periodic weights. 

Proof. Assume that A is reducible. From Proposition 3.2, we infer that either 
there are at least two weights of A being zero, or all a/s are nonzero. Therefore, A 
is either in case (a) or in case (b) from Theorem 3.1. 

To prove the converse, we first assume that = aj = for some i, j, 1 < i < j < 
n. By Lemma 2.1 (a), we may assume that j = n and 1 < i < n. Then A = A\ © A 2 , 
where A\ and A 2 are the weighted shift matrices with weights a±, . . . , Oj_i, and 
Oj+i, . . . , a„_i, 0, respectively. This shows that A is reducible. For case (b), if all a/s 
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are nonzero, then our assertion follows from Theorem 3.1. If cij = for some j, since 
A has periodic weights, then ak+j = a,j = for some k, 1 < k < / 2 J . Hence A is 
reducible from case (a). This completes the proof. ■ 

We conclude this section by remarking that [51 Theorem 1 (a)] is an immediate 
consequence of Theorem 3.1. 

4. Numerical ranges 

Recall that the numerical range of an n-by-n matrix A is by definition the set 
iy(v4) = {(Ax, x) : x G (C™, || a; || = 1}, where (•, •) and || ■ || denote, respectively, 
the standard inner product and Euclidean norm in C n . The numerical range is a 
nonempty compact convex subset of the complex plane. It is invariant under unitary 
equivalence and contains the eigenvalues. For other properties of the numerical range, 
the reader can consult [21 Chapter 1]. 

In recent years, properties of the numerical ranges of weighted shift matrices have 
been intensely studied (cf. [HI El [Tj). It was obtained that the numerical range of 
an n-by-n weighted shift matrix A has the n-symmetry property, that is, = 
e 2m / n W(A) (cf. |4, Theorem 2.3]). Moreover, if A has at least one zero weight, then 
is a circular disc centered at the origin. In this case, Stout [7] gave a formula for 
the radius of the circular disc iy(A). His formula involves the circularly symmetric 
functions. In this section, we will give the expansion of the Kippenhahn polynomial 
of A in terms of the circularly symmetric functions. Therefore, here we give a brief 
review of the circularly symmetric functions, following Stout [7]. 

Let ai, . . . , a n be complex numbers and r be a nonnegative integer. So is defined 
to be 1, while for r > 1, SV(cii, . . . , a n ) = {Ul=i a 7r(fc)k : (1, . . . , r) ->• (1, . . . , n) , 
where ir(k) + 1 < 7c(k + 1) for 1 < k < r, and if 7r(l) = 1 then 7r(r) ^ n}. These 
have a nice description: imagine a regular n-gon with vertices labeled a\ through a n . 
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Draw a convex r-gon in it, with vertices among the aj with the restriction that it can 
not use an edge of the original polygon. Each term in S r (a\, . . . , a n ) is the product 
of the vertices of such an r-gon. 

These functions satisfy many identities. By [7J P. 496], we have the following: 

(4.1) Si(ai, . . . , a n ) = Y2=i ajfc if n > 1, 

(4.2) S r {a u . . . , a n ) = if r > n/2, 

(4.3) S r (ax, ...,a n ) = S r (a 2 , ...,a n , a x ), 

(4.4) S r (a lt ...,a n ,0) = S r (a 1 ,..., a n , 0, 0), 

(4.5) S r+ i(ai, a n+l , 0) = S r+1 (a u . . . , a n , 0) + a n+1 S r {a x , a n _ x , 0). 
In particular, we need the following identities. 

Proposition 4.1. Let S r (ai, . . . , a n ) be the circularly symmetric function defined 
as above. Then 

(a) SV(ai, . . . , a„, 0) = S r (a 2l ■ ■ ■ , a n , 0) + a 1 S r - 1 (a- i , . . . , a n , 0), and 

(b) 5 r (ai, . . . , a n ) = S r (a!, . . . , a n , 0) - aia n SV_ 2 (a3, • • • , a„_ 2 , 0). 

Proof. By the definition of the circularly symmetric function, it is clear that 
S r (ax, . . . , a n , 0) 



Kk=l 

(a) Note that 

{tt : (l,...,r) (l,...,n)|7r(ife) + 1 < tt(A; + 1) for 1 < fc < r} 
= {tt : (1, . . . ,r) -> (1, . . . ,n)|7r(A;) + 1 < n(k + 1) for 1 < k < r and tt(1) = 1} 

U{tt : (1, . . . ,r) (1, . . .,n)|7r(Ar) + 1 < tt(A; + 1) for 1 < k < r and tt(1) ^ 1} 
= {tt : (l,...,r-l) ->■ (3,...,n)|7r(Jfe) + 1 < tt(A; + 1) for 1 < k < r - 1} 

U{?r : (l,...,r) -> (2,...,n)|7r(A;) + 1 < vr(fc + 1) for 1 < fc < r} . 

Hence S r (ai, . . . , a n , 0) = S r (a,2, • • • , a n , 0) + a 1 S , r ._i(a 3 , . . . , a n , 0). 




where 7r(/c) + 1 < 7c(k + 1) for 1 < k < 
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(b) By definition, we have 

S r (ai, . . . , a n , 0) SV(cii, . . . , a n ) 
~- J^lll a ^ k )^ : (!> ■ ■ ■ > r ) (1> ■ ■ ■ > w)> tt(As) + 1< vr(A; + 1), 1 < fc < r, tt(1) = 1, vr(r) 



.fc=i 

r-l 



S aiOnIJa»r(fc)k : (2, . . . ,r - 1) (3,. . . ,n - 2),7c(k) + 1 < n(k + 1), 2 < fe < r - 1 



fc=2 
'r-2 



aia, 



i n a °( fc )l a : (!>•••, r - 2) ^ (3,...,n-2),a(A;) + K a(fc + 1), 1 < k < r - 2 



,k=l 



— aia n S r -2(a>3, . . . , a n _2, 0) 
as asserted. ■ 

For an n-by-n matrix A, consider the degree-n homogeneous polynomial Pa{%, y, z) ~- 
det{xReA + ylmA + zl n ), where Re A = (A + A*)/2 and 1mA = (A - A*)/(2i). A 
result of Kippenhahn [31 Theorem 10] says that the numerical range W(A) equals the 
convex hull of the real points in the dual of the curve Pa(%, y, z) = 0, that is, 

W(A) = {a + ib G C : a, b real, ax + by + z = tangent to Pa(x, y, z) = 0} A . 

Here, for any subset A of C, A A denote its convex hull, that is, A A is the small- 
est convex set containing A. Therefore, the numerical range is completely 
determined by the Kippenhahn polynomial pA_{x,y, z). 

The next theorem gives the expansion of the Kippenhahn polynomial pA{x,y,z) 
of an n-by-n weighted shift matrix A in terms of its weights. 

Theorem 4.2. Let A be an n-by-n (n > 3) weighted shift matrix with weights 
a±, . . . , a n . Then 

LfJ 

\<i..(\n,\-.... \n..\-)(.r- + u 2 Y(- 



p A {x,y,z) = z 

r=l 
(-l)n+l 



+ ^(M 2 , • • • , m 2 )(* 2 + y 2 n-\) r z n - 2r 



iyTll^ + (x + iyrH^ 

3=1 3=1 



For the proof of Theorem 4.2, we need the next two lemmas. The first lemma is 
an immediate consequence of the result of Stout Lemma 1]. 



Lemma 4.3. Let A be an n-by-n weighted shift matrix with weights a%, . . . , a n -i? 0. 
Then 

det(£/ n + Re A) = £ S r (| ai | 2 , . . . , |a n _!| 2 , 0)(--)^" 2r . 



r=0 



Lemma 4.4. Let A be an n-by-n weighted shift matrix with weights a±, . . . , a n _i, 0. 
Then 

\n/2\ 

sj\n,\ 2 in. J 2 .nv.r 2 + 7i 2 w- 



det(xReA + yImA + 2/ ri ) = S A\ai\ 2 , ■ ■ ■ , K-i\ 2 , 0)(x 2 + y 2 ) r {- -) r z n ~ 2r . 



r=0 



Proof. Let A be the n-by-n weighted shift matrix with weights a\{x — iy), a^ix — 
iy), . . . , a„_i(x — iy), 0. It is easily seen that Re A = xReA + ylmA. Therefore, by 
Lemma 4.3, we have 



det (xRe A + ylm A + zl n ) 
det(zl n + Re A) 

L«/2J 

Srda^ix 2 + y 2 ), . . . , |a n _ x | V + y 2 ), 0)(--)V 



r „n—2r 



r=0 

as asserted. 



r=0 
ln/2\ 

^(laxl 2 , . . . , la^xl 2 , 0)(x 2 + y»)'(_-)V»- 2 '- 



We are now ready to prove Theorem 4.2. For simplicity, let A[ii, . . . , i m ] denote 
the (n — m)-by-(n — m) principal submatrix of A obtained by deleting its rows and 
columns indexed by %x, . . . , i m . 



Proof of Theorem 4.2. We now expand the determinant of xReA + y\m.A + zl n 
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by minor along its nth column to obtain 

det(a;Re A + ylm A + zl n ) 
= z det(C 1 + zl n . x ) + ^(x- iy){-l) 2n ~ l d n _ hn + + iy)d 1>n , 

where C\ = xR,eA[n] + ylmA[n] and (—l) n+ ^dj tn denotes the cofactor of the (j,n)- 
entry of xRe A + ylm A + zl n in rcRe A + ylm A + zl n , j = l,n — l. The expansion of 
the determinant d± tn (resp., d n -i,n) along its last row (resp., its last column) yields 

di >B = Si • • • a^i^^-r- 1 + - iy) det(C 2 + zI n - 2 ) 

x — %y (in 1 

(resp., d n _i, n = (-l) n a! • • • a n _ 2 a n ( — - — ) n_1 + ~^(x + iy) det(C 3 + zI n - 2 )), 

where C 2 = xRe A[l,n] + ylmA[l,n] (resp., C 3 = xReA[n — l,n] + ylmA[n — l,n]). 
Hence 



det(xRe A + ylm A + zl n ) 
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= zdet(d + z/ n _!) - ^^{x 2 + y 2 ) det(C 3 + zl n _ 2 ) - ^{x 2 + y 2 ) det(C 2 + z/„_ 2 ) 
+ (-l)« +1 a 1 ■ • • a„(^r + ("l) n+1 «i " " " «n(^) n 
By Lemma 4.4, we obtain that 

L("-1)/2J _ 1 

zdet(C 1 + = ]T ^(laxl 2 , . . . , |a„_ 2 | 2 , 0)(x 2 + y 2 )^—)^"-" 



r=0 

Moreover, 



4 



A "l / 2 i 2 



4 v 

L(n-2)/2j 



x z + y 2 ) det(C 2 + zl n _ 2 ) 



J2 K\ 2 S r (\a 2 \ 2 , . . . , |a„_ 2 | 2 , 0)(X 2 + y^ { Ay + ± z n-2-2r 
r=0 
K2J 

X] Kl^-xdaal 2 , • • • , |a„_ 2 | 2 , 0)(a; 2 + y 2 )^ -J^, 



r=l 
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and 

\n I 2 



4 

L(n-2)/2j 



+ y 2 ) det(C 3 + zl n _ 2 ) 



= £ K-xl^daxI 2 , . . . , |a„_ 3 | 2 , 0)(a; 2 + y^r+i^r+V-*-* 

Ln/2J _ 

= £ l«n-i| 2 5,-i(|a 1 | 2 ,...,|a n _ 3 | 2 ,0)( a ; 2 + 2/ 2 r(— )^»-*. 

r=l 

Note that if n is odd, then — 1 ) /2J = [n/2\ . On the other hand, if n is even, then 
n/2 > (n — l)/2 and, by Equation (4.2), we have 

= S^Qail 2 , . . . , |a„_2| 2 , 0) = 5 , (n/2)-i(|a 2 | 2 , • • • , \a n - 2 \ 2 , 0) = 5'(n/2)-i(|ai| 2 , . . . , |a n _ 3 | 
Therefore, we deduce that 

det(a;Re A + ylmA + zl n ) 
= z n +J2 *r(x 2 + y'Yi-^Yz^ + (x - iyY \[ a 3 + (x + iyr f[ a 5 

r=l " V j=l j=l J 

where 

a r = Srda^ 2 , . . . , |a„_ 2 | 2 ,0) + K_i| 2 SV-i(K| 2 , • • • , K-3| 2 ,0) 
+ |a n | 2 S , r _i(|a 2 | 2 , . . . , |a„_ 2 | 2 , 0). 

for r = 1, . . . , [n/2\. We then apply Equation (4.5) and Proposition 4.1 (a) and (b) 
to obtain 

a r = S'rdail 2 , . . . , |a„_i| 2 , 0) + |a n | 2 S , r „i(|a 2 | 2 , . . . , |a„_2| 2 , 0) 
= SV(|ai| 2 , . . . , |a„_i| 2 ,0) + |a„| 2 SV-i(|ai| 2 , . . . , |a„_ 2 | 2 ,0) 

-|ai| 2 |a„| 2 S' r _ 2 (|a 3 | 2 , . . . , |a„_ 2 | 2 , 0) 
= SV(|ai| 2 , . . . , |a„| 2 ,0) - K| 2 K| 2 SV_ 2 (|a 3 | 2 , . . . , |a n _ 2 | 2 ,0) 
= «SV(|ai| 2 , . . . , |a„| 2 ) 

for r — 1, 2, . . . , \n/2\ . This completes the proof. ■ 
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We now restrict our attention to the Kippenhahn polynomial of a weighted shift 
matrix. Let us recall some other known properties of curves in the complex projective 
plane CP 2 . Let p(x,y, z) be a degree-n homogeneous polynomial and Y be the dual 
curve of p(x, y, z) = 0. It is clear that p(ax, ay, az) = a n p(x, y, z) for some scalar a. 
A point A = a + ib, a, b real, is called a real focus of T if p(l, ±i, — (a ± ib)) = is 
satisfied. Consequently, the eigenvalues of an n-by-n matrix T are exactly the real 
foci of the dual curve of px = (cf. |3, Theorem 11]). Moreover, for any 9 G R, since 
Re(e ie T) = (costf)ReT - (sin#)ImT and Im (e i9 T) = (cos#)ImT+ (sin#)ReT, then 

p e ie T (x,y,z) = det ((xcos^ + ysin#)ReT + (— xsin6* + y cos9)lmT + zl n ) 
= Pt{x cos9 + y sin 9, —x sin9 + ycos 9, z). 

Among other things, if A and B are n-by-n matrices so that A is unitary equivalent 
to B, then p A (x, y, z) = p B (x, y, z). 

Let A be an n-by-n weighted shift matrix with weights a\, . . . , a n . Lemma 2.1 (b) 
says that A is unitarily equivalent to co 3 n A for all 1 < j ' < n, where co n = e 27 ™/™. Thus 
Pa{x, y, z) = p w j A (x, y, z) for all 1 < j < n. Furthermore, if A is reducible, Theorem 
3.1 says that A is unitarily equivalent to B © (ui n B) © • • ■ © (c^n -B), where B 
is the k-by-k weighted shift matrix with weights \ai\e %e \ak\e l9 , k is a factor of n 
and 9 = (X)iLi arg a 3 -)/n. Consequently, we have 

(n/k)-l 

p A (x,y,z) = Yl Pu&B&y'* 1 ) 

j=0 
n/k 

= ^^(^cos^- + ysin9j, — xsin^- + ycos9j, z) 

where 9j = 2(j — l)7i/n for j — 1, . . . , n/k. For an n-by-n matrix T, we known that if 
T is reducible then px is also reducible. But the converse is not true in general. The 
next proposition shows that if p& is reducible then p A must be of the form described 
above. 
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Proposition 4.5. Let A be an n-by-n (n > 2) weighted shift matrix. If Pa is 
reducible and has an irreducible factor q(x,y,z) of degree-k, then n is divisible by k, 
and 

n/k 

pa(x, y, z) = Y\_ q( x cos ®i + y sm ®i-> ~~ x s * n ®i + y cos ^31^)1 

3=1 

where 9j = 2(j — l)n/n for j — 1, . . . , n/k. 

Proof. For abbreviation, we let 

qj(x, y, z) = q(x cos 9j + y sin 9j, —x sin 9j + y cos 9j, z) 

for j = l,...,n. Note that qi(x,y,z) = q(x,y,z). We first check that qj(x,y,z) 
is a factor of pA{x,y,z) for all 1 < j ' < n. Indeed, since q is a factor of pa, then 
PA(x,y,z) = q(x,y, z)r(x,y, z) for some homogeneous polynomial r(x,y,z). Note 
that A is unitarily equivalent to e tdj A for all 1 < j < n, hence 

PA(x,y,z) 
= Pj»j A ( x >y> z ) 

= pa (x cos 9j + y sin 9j,—x sin + y cos 6>j , z) 

= q(x cos 0j + y sin — x sin 0, + y cos 9j, z)r(x cos ^ + y sin — x sin + y cos 9j, z), 
= qj(x, y, z)r(x cos9j + y sin0j, —x sin 9j + y cos 9j, z) 

for all 1 < j < n. Therefore, qj is a factor of pa for all 1 < j < n. 

Next, we want to show that n is divisible by k. For each j — 1, 2, . . . , n, let be 
the dual curve of ^(x, y, z) = and Ej be the set of all real foci of Tj. We claim that 
Ej = e l9j E 1 for all 1 < j < n. Indeed, if A = a + ib e Ei, where a and b are real, then 
e l6 3 A = (a cos 9j — b sin fy) + i(a sin 0j + b cos ) , and 

qj(l, ±i, — ((acos9j — bsm9j) ± i(asm9j + bcos9j))) 
= g(cos 0j ± % sin 0j, — sin 9j ± i cos 0j, — (cos9j ± i sin#j)(a ± ib)) 
= (cos9j ±sin^) fe .g(l,±i,-(a±i&)) = 0. 
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Note that every real focus of Tj is an eigenvalue of A, and every eigenvalue of A 
is simple, it follows that all real foci of Tj are distinct. Hence Ej = e l9: >E x for all 
1 < j < n as claimed. Moreover, for any 1 < i ^ j < n, if qi ^ qj, since pa is divisible 
by qiqj and the eigenvalue of A is simple, it implies that Ei fl Ej = 0. Therefore, we 
conclude that either Ei = Ej or Ei PI Ej — for any 1 < i < j < n. 

Now, if Ei Pi Ej = for all 2 < j < n, we will prove E s n E t = for any 
1 < s < t < n. On the contrary, if E s = E t for some s, t, since E s = e %ds Ei and 
Et = e i6t E u it follows that e i6a E x = e i6t E x or E x = e^-^Ei = e i6t -»+ 1 E x = E t - s +i, 
a contraction. Hence these sets Ej's are disjoint. Note that Ej C <j(A) and Ej 
contains exactly k elements for all 1 < j < n. Thus Uj=i E j — a (A) and k ■ n < n. 
This clearly forces that k = 1 and cr(A) = UjLi that i s > Pa = n™ =1 g 3 - as desired. 

On the other hand, if E x = Ej for some j, 2 < j < n. Let jo = min{j : £y = 
-^1,2 < j < n} and m = j — 1. Then £7 m+ i = J5i, in consequence, E m+ j = Ej for 
all 2 < j < n, because £ m+i = e i9 ^ E x = ^(m+i-iW^ = e 2(j-i)«/n . e 2mni/n Ei = 
e i6i . e ie m +i El = e i6 iE m+x = e ie *E x = Ej. From this, we have [fj= x E j = UjL X E j Q 
a (A). But <t(A) = {e Wl X, e i02 X, e i0 "\}, where A = (a x ■ ■ ■ a n ) x l n . It follows that 
v{A) C \Jj =l e^E x = [f j=1 E 3 = \JJ =l E 3 C <r(A). Hence a(A) = \J? =1 Ej, n = km 
and pa = YYjL x Qj- This completes the proof. ■ 

Let A and B be n-by-n matrices. By Kippenhahn's result [H Theorem 10], we 
known that if pa = Pb then W^A) = W(B). But the converse is not true in general. 
[TJ Example 2.1] gives a counterexample. For the converse, if PF(y4) = W(B), then 
[U Proposition 2.3] says that pa and ps have a common irreducible factor. Moreover, 
if pa is reducible, then H^A) = W(B) if and only if pa = Pb (cf. [1, Corollary 2.4]). 
Now, if A and B are n-by-n weighted shift matrices, the next theorem shows that 
= W(B) if and only if pa = Pb, even if pa and ps are reducible. 

Theorem 4.6. Let A and B be n-by-n weighted shift matrices with weights 
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a±, . . . ,a n and bi, . . . , b n , respectively. Then the following statements are equivalent: 

(a) W(A) = W(B), 

(b) p A =p B , 

(c) SV(| a i| 2 , . . . , |a n | 2 ) = S r (|&i| 2 , . . . , \b n \ 2 ) for all 1 < r < [n/2\ and a x • • ■ a n = 

h ■■■bn- 

Proof. The equivalence of (b) and (c) follows from Theorem 4.2. The implication 
(b)=^(a) is a consequence of Kippehhahn's result. To prove (a)=>(b), assume that 
(a) holds. If pa is irreducible, then Pa = Pb follows from [U Corollary 2.4]. If pa is 
reducible, [U Proposition 2.3] says that pa and pb have a common irreducible factor 
q. Hence our assertion follows form Proposition 4.5. This completes the proof. ■ 

Let A be an n-by-n weighted shift matrix with positive weights ax, ... , a n . Since 
all Oj's are positive, thus W(A) = W(A*). Let B be an n-by-n weighted shift matrix 
with positive weights b\, . . . ,b n . If bj = ak+j for all j, for some fixed k, then B is 



unitarily equivalent to A and W(B) = W(A). On the other hand, if bj 



a 



(n+l)-j 



for all j, then B is unitarily equivalent to A* and W(B) = W(A*) = W(A). For the 
converse, if W(B) = W(A), it is natural to ask whether B is unitarily equivalent to 
A or A*. The following example shows that this is not the case. This example can 
be easily constructed by Theorem 4.6. 



Example 4.7. Let 



.4 



_30 

1 



V2 
2 





^ 

w 2 



and B 



y/2 



*2 

u 2 



V3 
2 





Form Theorem 4.6, we need to check that det A = det B and Si(l 2 , (v^/2) 2 , ( v / 30/4) 2 ) 
^((v 7 ^) 2 , (v/3/2) 2 , (v/lO^) 2 ). By direct computation, we have det A = ^fm/A = 
det B and ^(l 2 , (V2/2) 2 , (V30/4) 2 ) = 2 + (1/2) + (30/16) = 27/8 = 2 + (3/4) + 
(10/16) = ^((v^) 2 , (v^/2) 2 , (v^^) 2 ). Therefore, Theorem 4.6 yields that W(A) = 
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W(B). But B is neither unitarily equivalent to A nor unitarily equivalent to A* from 
Theorem 2.3. 

Furthermore, let A and B be n-by-n reducible weighted shift matrices with positive 
weights. One may ask whether B is unitarily equivalent to A or A* if = W(B). 

The next example shows that the answer is negative. 

Example 4.8. Let A and B be the 3-by-3 weighted shift matrices as in Example 
4.7, respectively, and A and B be 6-by-6 weighted shift matrices with weightsl, y/2/2, 
>/30/4, 1, y/2/2, V30/4: and y/2, y/3/2, >/l0/4, >/2, respectively. By The- 

orem 3.1, A (resp., B) is unitarily equivalent to A © (e w ^ 3 A) (resp., B © (e™/ 3 B)). 
Example 4.7 yields that = W(B). But B is neither unitarily equivalent to A 

nor unitarily equivalent to A* from Theorem 2.3. 
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